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Axisymmetric Jet Forced by Fundamental and
Subharmonic Tones
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A circular jet was excited simultaneously by two harmonically related tones. The results of this excitation on
jet behavior are reported for three pairs of Strouhal numbers [St(D) = j*D/Uj = 0.2 and 0.4, 0.3 and 0.6, 0.4
and 0.8]. For each case, the initial phase difference between the two tones was varied in steps of 45 deg for one
full cycle, and the amplitude of the fundamental and subharmonic tones was varied independently over the
range of 0.1-7.0% of the jet exit velocity. Several results of this study agreed with other published findings,
such as a critical amplitude of the fundamental being required for subharmonic augmentation and the initial
phase difference being critical in determining whether the subharmonic is augmented or suppressed. In addition,
the detailed documentation of several aspects of this phenomenon, measured in the same experimental facility
in a controlled manner, brought out two important points that had eluded previous researchers. First, at high
levels of the fundamental and subharmonic forcing amplitudes, the subharmonic augmentation is independent
of the initial phase difference. Second, two-frequency excitation is indeed more effective than single-frequency
excitation in jet mixing enhancement. Higher spreading rates seem to go along with higher subharmonic levels.

Nomenclature

A, B = constants
D = nozzle diameter
/ = fundamental frequency
f/2 = subharmonic frequency
M = Mach number
r = radial distance
St = Strouhal number, St(D) = fD/Uj; St(S) = f&/Uj
t = time
U = mean velocity
u = coherent component of velocity
H> = frequency

axial distance
U"9 = momentum thickness, = I 77- I 1 - TT I drJo Uc

<p = phase difference

Subscripts
C = jet centerline
D = based on nozzle diameter
ex = excited
/ = fundamental component
f/2 — subharmonic component
j = jet exit
o = initial
unex = unexcited
9 = based on momentum thickness
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Introduction

B INDER and Favre-Marinet1 undertook one of the first
attempts at enhancing jet mixing by high-amplitude ex-

citation. They performed a well-controlled unsteady forcing
of a round jet using a rotating butterfly valve upstream of the
nozzle exit. It is now well established that the behavior of an
axisymmetric shear layer can be somewhat controlled by ex-
citation at a single frequency near the preferred mode of the
jet. This limitation arises because the instability wave can
enhance mixing only if it continues to grow. When it no longer
continues to grow, it is said to be saturated and its contribution
to mixing enhancement ceases.

This phenomenon of nonlinearity and saturation has been
documented by Crow and Champagne.2 In a previous paper,3

results were reported of an experiment that looked at the
limit of jet mixing enhancement by single-frequency, plane
wave excitation. Saturation was observed in all measured
quantities of the jet evolution, i.e., the fundamental wave
amplitude, the momentum thickness, the centerline mean ve-
locity, and the turbulence intensity. The amplitude of the
excitation at which the nonlinearities appeared was 0.3% of
the jet velocity. The subsequent saturation occurred at an
excitation amplitude of around 1% of the jet velocity, where
the effect on the jet spreading rate was quantified by (/(ex)/
(/(unex) = 0.85 and 9(ex)/9(unex) - 1.275 at x/D = 9.
These experimental results were also compared3 with the pre-
dictions of a theoretical model by Mankbadi and Liu.4

The degree of jet spreading offered by single-frequency
plane wave excitation may not seem attractive enough to pur-
sue for practical applications. However, when the preferred
mode frequency becomes neutrally stable, its subharmonic,
which is then amplifying at its maximum rate, can be used to
cause further mixing enhancement. The development of a
subharmonic in a free shear layer has been observed by several
researchers. An analysis was presented by Kelly5 that showed
that a mechanism exists for the generation of a subharmonic
wave for a flow with a hyperbolic tangent velocity profile. Ho
and Huang6 later showed that the spreading rate of a mixing
layer can be manipulated significantly by forcing near the
subharmonic of the preferred frequency.

Furthermore, when the shear layer is excited simultane-
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ously by the fundamental and subharmonic, an interaction
could occur, leading to a large augmentation of the subhar-
monic amplitude. In the published literature, this phenome-
non has been referred to as resonance or pairing. The axial
extent and degree of control over shear-layer turbulence and
spreading rate is increased if the jet is excited simultaneously
by the fundamental and its subharmonic at optimum initial
phase difference and amplitudes. Some aspects of this prob-
lem have been addressed by Ho and Huang,6 Durbin and
Mckinzie,7 Arbey and Ff owes-Williams,8 Zhang et al. ,9 Mank-
badi,10 Monkewitz,11 Cohen and Wygnanski,12 Nikitopoulos
and Liu,13 Ng and Bradley,14 and Hussain and Husain.15 Ar-
bey and Ffowcs-Williams8 studied a circular jet simultaneously
excited by two different harmonically related acoustic tones.
They showed that control can be exercised on the harmonic
generation process by varying the phase between the two
signals. Zhang et al.9 studied a plane mixing layer excited at
fundamental and subharmonic frequencies and at various phase
differences. The amplification rate of the subharmonic was
found to depend strongly on the initial phase difference.
Mankbadi10 provided a theoretical analysis of the interaction
between fundamental and subharmonic instability waves in a
turbulent round jet. He used the energy integral approach to
explain the subharmonic augmentation and mean flow ma-
nipulation in terms of energy exchanges between the funda-
mental, subharmonic, fine scale turbulence, and the mean
flow.

The present work is a parametric study of the effect of
simultaneous excitation, at the fundamental and subharmonic
frequencies, on the behavior of a circular jet shear layer. The
effect of the initial phase difference, Strouhal number pair,
and amplitudes of the fundamental and subharmonic tones
are investigated experimentally, and the initial conditions are
carefully controlled and monitored. This work incorporates
several novel features such as the use of high-amplitude ex-
citation devices, which can provide a wide range of forcing
conditions when used with complex waveform generators.
The actual phase difference between the two waves was meas-
ured in the flow, as opposed to the more usual documentation
of the phase difference in the input signal. These features
have helped in producing data that lend new insights into the
fundamentals of the two-frequency excitation problem and
that will also stimulate future theoretical work. The study also
shows the potential for two-frequency excitation to overcome
the limitations of single-frequency excitation, with regard to
mixing enhancement.

Experiment
Facility

The jet excitation facility (Fig. 1) consisted of a 30-in.-diam
settling chamber, an excitation spool piece, and a convergent
nozzle terminated with a lO-in.-long straight section having a
3.5-in. exit diam. Attached to the excitation spool piece were
four Ling electropneumatic drivers (Model EPT 9B) oper-
ating at an air supply pressure of 40 lb/in.2 each and capable
of producing low-frequency (/< 1000 Hz) complex waveforms
with an acoustic power up to 4000 W.

The 40-psi air supplied to the Ling drivers was exhausted
into the plenum tank by elbows that turned the flow upstream
into the tank. Downstream of the elbows, a screen and ho-
neycomb section conditioned the flow. The exhausted air passed
through this flow conditioning and provided the airflow through
the nozzle. Measurements made at the nozzle exit showed
that the mean axial velocity profiles were uniformly "top hat"
and unaffected by the air supply scheme. The turbulence in-
tensity measured for the unforced jet at the nozzle exit was
1.5%, as opposed to 0.15% in previous experiments3 where
the Ling drivers were not used. Initially, this new system did
pose a problem. If the test Mach number was reduced from
0.45 to 0.2, the pressure to the Ling drivers had to be reduced,
which caused a drop in the acoustic output of the drivers,

thus unacceptably changing the forcing levels at the jet exit.
To provide a fine control on the operating Mach number
independent of the forcing levels, four bleed valves were in-
stalled at the back end of the plenum (not shown in the sche-
matic). The test Mach number could thus be reduced from
0.45 to 0.2 by bleeding off the excess air without affecting the
acoustic output of the Ling drivers.

A specially fabricated boundary-layer trip ring was located
13 in. upstream of the nozzle exit, where the diameter of the
contracting section was 5.12 in. The trip ring had 83 saw teeth
that protruded 4.76 mm into the flow. The trip ring ensured
that the jet exit boundary-layer characteristics were invariant
with Mach number. The exit boundary layer was turbulent in
all tests, similar to a full scale jet exhaust. A polynomial
waveform synthesizer generated waveshapes from user sup-
plied mathematical expressions. This signal was amplified by
Altec Lansing power amplifiers and fed to the Ling drivers.

Fig. la Axisymmetric jet high-amplitude excitation rig.
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Fig. Ib Schematic of high-amplitude excitation facility.
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Measurement Techniques
Measurements of mean and fluctuating velocities were made

with hot-wire anemometers. The coherent motions were ex-
tracted by the phase-averaging technique, which takes the
average of data points having the same phase with respect to
a reference signal. Phase averaging rejects the background
turbulence and educes the underlying periodic coherent com-
ponent. In the present experiment, the reference signal was
the forcing signal produced by the waveform generator. The
phase average and phase angle difference measurements, as
well as the spectrum analysis, were done using a B & K dual
channel signal analyzer (Model 2025). A computer-controlled
traversing mechanism was used for probe positioning.

The amplitudes and phase difference input by the waveform
synthesizer to the Ling drives are completely different from
those measured at the jet exit. Because the amplifier-driver
system and the plenum tank resonance cause significant changes
in the phase difference and amplitudes, depending on the
frequencies and amplitudes input, documenting input con-
ditions would be a poor substitute for the actual initial con-
ditions. In the present work, the amplitudes of the two waves
and the phase difference between them were measured in the
flow at the jet exit (actual measurement station was 0.5 mm
downstream of the jet exit) to constitute an accurate repre-
sentation of the initial conditions.

Initial Conditions
The experiments were conducted for two jet exit velocities

(M = 0.2 and 0.45). The turbulence intensity due to the
random fluctuations measured at the jet exit centerline was
measured to be 1.5% of the jet exit velocity. In order to keep
the exit boundary layer from playing a parametric role in the
experiment, a trip ring was located 13 in. upstream of the jet
exit, which ensured that the exit momentum thickness shape
factor and maximum root mean square fluctuations in the
boundary layer remained constant for all test cases. The noz-
zle exit velocity profile was approximately top hat in shape,
and the root mean square profile was uniform in the jet core
at the nozzle exit.

The longitudinal velocity spectra measured at the center of
the jet exit plane was contaminated by higher harmonics (3/
2/, 2/) from the high-amplitude Ling electropneumatic driver
systems. When traced with downstream distance, the 3/2/and
2/ components were much smaller than the / and the f/2 com-
ponents and, therefore, were assumed not to interfere with
the excitation process. For example, the peak magnitudes of
the / and f/2 components were 7 and 20%, respectively, of
the jet exit velocity, whereas the 3/2/and 2/peak magnitudes
were 1 and 0.5%, respectively, of the jet exit velocity.

A parametric analysis of the effects of two-frequency ex-
citation is complicated by a multitude of important parame-
ters, including the initial phase difference and the absolute
and relative forcing amplitudes of the two-frequency com-
ponents. It is important to note that the initial phase differ-
ence cp0 is defined for velocity and for sine waves

u = A sin(2wt + cp0) + B sin(w/)

In this equation, the initial phase difference is the angle by
which the fundamental coherent velocity leads the coherent
subharmonic velocity. Three pairs of Strouhal numbers were
studied. For each case, the initial phase difference between
the two waves was varied in steps of 45 deg. The initial forcing
level of the fundamental and subharmonic was also varied in
the experiment. Table 1 shows a summary of the initial con-
ditions for the various two-frequency cases.

Discussion of Results
Initial Phase Difference Effect
Growth of the Fundamental and Subharmonic on the Jet Centerline

The effect of varying the initial phase difference for the
Strouhal number pair 0.2,0.4 is shown in Fig. 2. The initial
phase difference between the two tones is denoted by cp0. The
fundamental forcing amplitude was 7% of the jet exit velocity
and the subharmonic amplitude was 0.5%. The figure shows
that the subharmonic f/2 is augmented to very high values for
initial phase differences between 225 and 360(0) deg and sup-
pressed for phase differences of 90 and 135 deg. Phase dif-
ferences of 45 and 180 deg represent the intermediate states.
At first glance, the fundamental / appears to be unaffected
by the initial phase difference, but closer scrutiny reveals the
kinks in its development, which are subtle reminders of the
nonlinear interaction between the two waves. Kelly5 ex-
plained this interaction between the two frequency compo-
nents for parallel flows and showed that this could result in
a transfer of energy between them. There have been other
interpretations, such as the one by Stuart,16 which deals with
odd and even mode interactions of which the present two-
frequency excitation is a special case. Liu17 explained this
dependence theoretically by interpreting the phase difference
as being related to the angle between the stresses and the
strains of the waves; the alignment of the stresses and the
strains produces augmentation, whereas nonalignment pro-
duces suppression. Mankbadi et al.18 applied Liu's explana-
tion to the specific situation of an axisymmetric jet. Many
other researchers have also pointed out the importance of the
initial phase difference to the subharmonic growth.9-n<14 Note

Table 1 Summary of initial conditions of two-frequency excitation

Strouhal
number

pair,
St(D)

0.2,0.4
0.3,0.6

0.4,0.8

0.2,0.4

Fundamental
forcing

amplitude,
(uf)/Uj, %

3
3-

4
3

7
5.7
3.4
2.8
2
1

Subharmonic
forcing

amplitude,
(uf/2)/Uj, %

M = 0.2
3
3
0.6
0.2
0.1
3
M = 0.45
0.47
0.38
0.23
0.19
0.13
0.067

Ratio
fund/sub

1
1
5

15
30
1

15
15

1

Phase
difference,
(9)0, deg

0-360 (step 45)
0-360 (step 45)

0-360 (step 45)

0-360 (step 45)
270

1
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Fig. 2 Axial evolution of phase average unsteady velocity components
on jet centerline for various initial phase differences: St = 0.2,0.4;
*# = 0.07 Uj\ Uf/2o = 0.0045 U/, M = 0.45.

that the extremely high level of the subharmonic (20% of the
jet velocity) produced by the nonlinear interaction is much
higher than can be attained by single-frequency excitation.

There are certain experimental difficulties in forcing the
subharmonic by itself. The two-frequency signal at the jet exit
is comprised of three contributions: 1) the independent f/2
signal, 2) the independent/signal, and 3) a portion of the /
signal produced as a harmonic of the f/2. The f/2 alone data
could not be taken easily because the introduction of f/2 au-
tomatically introduced some /. This problem was more pro-
nounced at higher amplitudes of forcing and frequencies, which
were close to resonant frequencies of the plenum tank. (Note
that forcing / produced very little 2f as this was not in the
range of the plenum resonance.)

However, to make the point that the two-frequency exci-
tation is more effective than single-frequency excitation, one
case (to be described later) was very carefully documented.
This was possible because the f/2 amplitude was very low
(0.2% of the jet velocity) where no harmonic/was produced.

Jet Centerline Axial Velocity
In the previous section, it was shown that, depending on

the initial phase difference, the subharmonic can either be
suppressed or augmented. Obviously, the result is going to
affect the mean velocity and the random turbulence of the
jet. The fundamental and subharmonic coherent velocities,
the mean velocity, and the random turbulence are all coupled
together and interact by energy exchanges. Figure 3a shows
the jet centerline velocity plotted vs axial distance for the
various phase differences. A steeper descent of the jet cen-
terline velocity signifies a more rapid opening up of the jet
plume. There is a very clear dependence between the sub-
harmonic augmentation and the jet centerline velocity. Where
the subharmonic is augmented to very high levels (Fig. 2),
the jet centerline decays most rapidly. This is shown more
specifically in Fig. 3b, where the velocity(excited)/veloc-
ity(jet) measured at x/D = 3.5 is plotted vs the initial phase
difference. The unexcited and single-frequency (St = 0.4)
excitation cases are shown for reference. As is readily ap-
parent from the figure, two-frequency excitation is much more
effective than single-frequency excitation at the fundamental
frequency in reducing the jet centerline velocity.

Effect of Fundamental Forcing Level
The effect of increasing the forcing level of the fundamental

(while keeping the ratio of the fundamental-to-subharmonic
levels constant at 15) on the growth of the two waves is shown
in Fig. 4a for an initial phase difference of 270 deg. At low
levels of fundamental forcing, no subharmonic augmentation
is observed, but beyond a critical level of the fundamental,
the subharmonic augmentation is seen. Kelly5 has pointed out
the existence of this critical level. As seen before, the jet
centerline steady velocity is related to the subharmonic aug-
mentation, and when the critical level of the fundamental is

reached, the jet centerline velocity begins to drop, indicating
enhanced mixing of the jet (Fig. 4b).

Effect of Strouhal Number Pair
Figure 5 shows the development of the phase-averaged ve-

locities of the fundamental and subharmonic for various initial
phase differences. The initial level of the fundamental was
equal to that of the subharmonic (0.03LQ. Data is shown for
three pairs of Strouhal numbers (0.2,0.4;-0.3,0.6; and 0.4,0.8).
The rationale for choosing these numbers was the preferred
mode of the jet, which corresponds to a Strouhal number of
0.3 based on the jet diameter.2 In the case of the 0.2,0.4 pair,
the two frequencies straddle the preferred mode, and in the
case of 0.3,0.6, the subharmonic frequency is the preferred
mode, whereas in the last case 0.4,0.8, the subharmonic is
slightly higher than the preferred mode.

The peak amplitude and axial location of the subharmonic
in Fig. 5b do not depend highly on the initial phase difference.
For a fixed initial phase difference, the subharmonic peak
(pairing location) depends highly on the Strouhal number
pair. The subharmonic peaks at x/D = 2.7 for the St(D) =
0.2,0.4 case (Fig. 5a) and at x/D = 1.2 for St(D) = 0.4,0.8
(Fig. 5c). In the shear-layer mode [St(B) = fQ/U,], the higher
frequencies will saturate closer to the jet exit; thus, both the
fundamental and the subharmonic peak closer to the jet exit
for St(D) = 0.4,0.8, whereas the curves peak farthest down-
stream for St(D) = 0.2,0.4. The St(D) = 0.3,0.6 case is
between these two extremes.

Figures 6 show the phase difference between the two waves
vs axial distance for the various initial phase differences, with
the initial phase difference for each case subtracted out to
make comparison easier. Linear behavior of the excited hy-
drodynamic modes might be most expected near the nozzle
exit where the amplitudes are small and where negligible in-
teraction has taken place. Initial phase difference should not

1.0

0.5

UNEXCITED = 90° - 135°

0.5

SINGLE f = 180° = 225° - 270°

0 12
X/D

a) Axial variation of jet centerline velocity

1.00

„ 0.95 —

~ 0.90 -

-------- --X-HE- -------
EXCITED BY SINGLE FREQUENCY (St = 0.4)

EXCITED BY TWO FREQUENCIES

90 100 270

b) Mean velocity ratio (excited/jet exit) at X/D = 3.5

Fig. 3 Two-frequency excitation influence on jet centerline velocity:
St = 0.2,0.4; M = 0.45; ufo = 0.07 U/, uf/2Q = 0.0045 Uj.
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Fig. 4a Axial evolution of phase-averaged unsteady velocity com-
ponents on the jet centerline for various initial levels of excitation:
St = 0.2,0.4; <p0 = 270 deg; ufo/uf/2Q = 15; M = 0.45.

be a factor for linear propagation of instability waves. The
phase difference between the fundamental and subharmonic
instabilities should change with distance as governed by their
wavelength difference and the slight difference in phase ve-
locity. As seen in Fig. 6, initial phase difference does not have
much influence for small x/D, especially for the pair St(D) =
0.2,0.4. Unfortunately, this result does not have anything to
do with hydrodynamic instability propagation for small xlD.
As clearly seen in Fig. 2, and less clearly in some parts of
Figs. 5, the amplitude of the fundamental first drops at low
x/D before finally increasing. This represents the falloff with
distance of the acoustic field used for excitation until the rise
of the hydrodynamic field dominates at higher x/D values.

A further complication is that the slope of the phase change
is far too great to be explained by the propagation of two
spherical waves at the fundamental and subharmonic fre-
quencies. What is being observed at low x/D is the complex
near-field evolution of the propagating and evanescent modes
produced by the nozzle exit discontinuity, which cannot be
further analyzed here. The phase difference at x/D = 0 is
still considered a valid initial condition for comparing the
experimental data, but it must be realized that hydrodynamic
instabilities do not dominate the data until some distance
downstream. The influence of initial phase angle on the data
in Figs. 6 is an indicator of nonlinear interactions between
the two-frequency modes. The spread of the results reaches
a maximum at x/D values where subharmonic generation shown
in Figs. 5 is at a maximum. Initial phase has the least influence
for the pair St(D) = 0.4,0.8, where subharmonic augmen-

0.5

1.0

0.5 I__I J_______|>

Fig. 4b Effect of increasing initial levels of excitation on the jet cen-
terline mean velocity: St = 0.2,0.4; <p0 = 270 deg; ufjuf,2() = 15; M
= 0.45.

tation is minimal. This nonlinear two-mode interaction is cur-
rently being studied by Mankbadi et al.18

Figures 7 show the jet centerline velocity and the momen-
tum thickness variation with streamwise distance for the unex-
cited jet and the three Strouhal number pairs. When the two-
frequency excitation is applied, the jet centerline velocity drops
and the spreading rate as quantified by the momentum thick-
ness increases. At the high amplitudes used here, there is very
little difference between the three Strouhal number pairs.

Variation of Subharmonic Forcing Level
Figures 8 show the development of the phase-averaged ve-

locities of the fundamental and subharmonic for the Strouhal
number pair 0.3,0.6. The initial forcing level of the funda-
mental is kept constant, whereas the forcing level of the sub-
harmonic is varied from 0.1 to 3%, the latter having already
been presented in Fig. 5b. In Figs. 8a-c, both the subhar-
monic peak and the axial location of the peak depend on the
initial phase difference. Figure 5b shows that the peak attained
by the subharmonic is not highly dependent on the initial
phase difference when the initial subharmonic forcing level is
high. The fact that, at high forcing amplitudes of the funda-
mental and subharmonic, the subharmonic is always aug-
mented irrespective of the initial phase difference is not only
useful but will have a favorable impact on the design of prac-
tical excitation devices. In Fig. 9, a summary of the cases from
Figs. 8 and 5b, shows the subharmonic peak vs initial phase
difference.

Figures 10 show the development of the phase difference
with axial distance for the three cases of Fig. 8 and one case

X/D C)

Fig. 5 Axial evolution of phase-averaged unsteady velocity components on the jet centerline for various initial phase differences and Strouhal
number pairs (ufo = uf/2o = 0.03 U/9 M = 0.2): a) St = 0.2,0.4; b) St = 0.3,0.6; and c) St = 0.4,0.8.
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b) c)
Fig. 6 Evolution of phase difference on the jet centerline for various
initial phase differences and Strouhal number pairs (ufo = uf/2() =
0.03 U/, M = 0.2): a) St = 0.2,0.4; b) St = 0.3,0.6; and c) St =
0.4,0.8.

of Fig. 5b, but at phase difference intervals of 90 deg. As
discussed in connection with Fig. 6, the initial region of the
jet may be dominated by the acoustic near field, which is most
evident for high excitation amplitude in Fig. lOd. The solid
lines (phase difference = 0) in Figs. lOa and lOb might rep-
resent the closest approach to linear behavior since the sub-
harmonic remains at very low levels (see Figs. 8a and 8b at
phase difference = 0). As the initial phase angle and sub-
harmonic excitation level are changed, the slopes of the curves
decrease in the range of approximately 1 < x/D < 3 (where
the subharmonic amplitude is largest) probably due to the
nonlinear interaction of the two modes. In this range, the
phase angle difference is extremely sensitive to initial phase
angle, especially at high excitation amplitude (Fig. lOd). The
steep slope is again attained when the subharmonic amplitude
has decayed substantially, which may indicate a change in the
nonlinear mechanism or conceivably a return to linearity.

Jet Mixing Enhancement
The top row in Fig. 11 shows the development of the phase-

averaged velocities along the jet centerline. The four cases
represented are the fundamental alone, the subharmonic alone,
both / and f/2 at phase = 180 deg, and, finally, both / and
f/2 at phase = 0 deg. Though the waves do not grow to very

Fig. 7 Two-frequency excitation influence on jet centerline velocity
and momentum thickness for various Strouhal number pairs: ufo —
uf/2Q = 0.03 U/, M = 0.2; <p0 = 270 deg.

large amplitudes individually, the two-frequency interaction
causes the subharmonic to be augmented to very high levels
(or suppressed), depending on the initial phase difference
between the two waves. The second row shows the jet cen-
terline velocity along with the unexcited case for comparison.
The last row shows the momentum thickness development
with axial distance. Very clearly under optimum conditions,
two-frequency excitation is more effective than single-
frequency excitation for jet mixing enhancement.

The jet centerline velocity and momentum thickness vari-
ation are both used as indicators of jet mixing enhancement.
A drop in the centerline velocity indicates a higher jet spread
for most cases. There is, however, a reversal in the jet cen-
terline velocity trend between x/D = 1 and 3. This is not to
be interpreted as a reversal of mixing. Because of the short-
comings of the jet centerline velocity as a mixing indicator,
the momentum thickness is considered to be a better indicator
of jet mixing enhancement. The jet centerline velocity is,
however, retained as it shows a direct relationship between
subharmonic augmentation and the eating up of the potential
core of the jet. The high growth rate of the subharmonic wave
causes it to extract energy from the mean flow, which causes
the destruction of the potential core. Based on the theoretical
work of Mankbadi and Liu,4 the results of Figs. 11 can be
interpreted as follow. The local regions of mean flow accel-

a) o c)

Fig. 8 Axial evolution of phase-averaged unsteady velocity components on the jet centerline for various initial phase differences and subharmonic
forcing levels (St = 0.3,0.6; ufo = 0.03 U/9 M = 0.2): a) uf/2o = 0.001 U/9 b) uf/2o = 0.002 UJ9 and c) uf/2(} = 0.006 Uj.
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Fig. 9 Subharmonic peak variation with initial phase difference for
various initial subharmonic forcing levels: St = 0.3,0.6; iifo = 0.03
U\ M = 0.2.

eration might be attributed to modes evolving into their damped
region where energy is pumped back into the mean flow from
the oscillations, with accompanying decrease in the momen-
tum thickness growth rate. The difference between single-
and two-frequency optimum excitation results is most pro-
nounced on the jet centerlinq velocity. The two-frequency
case with phase difference equal to zero produces the same
mixing as the single frequency excitation at the fundamental
frequency. As seen in Fig. lid, this two-frequency excitation
suppresses the coherent subharmonic growth, and additional
mixing from forced pairing does not result. Some random
pairing may still occur, as might be expected in the single-
frequency excitation case.

Time Traces
Figure 12 shows time traces at various locations on the jet

centerline for the unexcited jet, two-frequency case phase =
180 deg, and two-frequency case phase = 0 deg. Figure 12a
shows naturally occurring quasiperiodic waves at a period
about the same as the subharmonic in Fig. 12b. Figure 12b
shows the forced case at a phase difference of 180 deg and
indicates that the frequency switches from 440 to 220 Hz
(pairing) between x/D — 0.5 and 1 and the subharmonic peaks
around x/D = 2. Further downstream, the random turbulence
governs the time variations. Figure 12c shows the forced case
at phase = 0.

At a phase difference of zero, the phase averaged meas-
urements indicated a suppression of the subharmonic (Fig.
11). The time traces of Fig. 12c tell a more realistic story.
The merging of vortices (frequency switching) occurs inter-
mittently in space and time. At x/D = 2, time traces are
shown at two different instants; one trace shows a strong
velocity component at 220 Hz and the second trace shows a
weak component at 440 Hz. When time is averaged and plot-
ted, it appears that the subharmonic is suppressed (Fig. 11),
although, in reality, it is augmented for short periods of time
followed by longer periods of suppression. Another point that
can be made from Fig. 12b is the forced pairing that was
obtained by the two-frequency forcing in a jet with an initially

Fig. 10 Evolution of phase difference on the jet centerline for various
initial phase differences and subharmonic forcing levels (St =
0.3,0.6; ufo = 0.03 U/9 M = 0.2): a) uf/2o = 0.001 U/9 b) w//2() = 0.002
Uj c) M//2o = 0.006 U/, and d) uf/2f) = 0.03 Uj.

turbulent boundary layer. Zaman and Hussain19 showed that,
for a forced jet with a laminar exit boundary layer, vortex
pairing is regular in space and time, whereas in a jet with a
turbulent initial condition, it becomes intermittent in space
and time. Fiedler and Mensing20 showed that, for a plane
turbulent shear layer, regular vortex pairing can be obtained
by high-amplitude, single-frequency excitation. Figures 5, 8,
and 12b show that under the right conditions stable pairing
can be induced by two-frequency excitation for a jet with a
turbulent initial condition.

Ng and Bradley14 have observed that when the jet is forced
at more than one frequency the vortex merging process is
highly localized and can be frozen visually in space by ad-
justing the phase and frequency of the strobe light, whereas
this is not so easily accomplished for the single-frequency case.
However, since they do not document the jet exit boundary-
layer characteristics for their experiments, no meaningful
comparison can be made with the present work.

Radial Distribution of Unsteady Velocities
Figure 13 shows the radial distribution of unsteady axial

velocity, which is phase averaged at the fundamental and
subharmonic frequencies. Also shown in the figure is the ra-
dial distribution of the mean velocity. The measurements are
taken at x/D = 2, where the subharmonic peaks. It is at this
location that the vortex pairing processes can be observed
(e.g., Moore21). As the amplitude of the subharmonic is much
larger than the fundamental, both along the axis and along
the radius, it seems that the interaction is only weakly non-
linear and, therefore, a locally linear parallel flow instability
theory will adequately provide the transverse distribution of
velocity for both fundamental and subharmonic. Strange and
Crighton22 have shown this to be true for single-frequency
cases. Here, data on the radial distribution are shown for the
two-frequency case, which justifies the shape assumptions used
by some researchers in some forms of the energy equation
that governs the nonlinear streamwise evolution of the dis-
tribution amplitudes (e.g., Mankbadi10).

Concluding Remarks
The effect of exciting an axisymmetric jet simultaneously

at fundamental and subharmonic frequencies was paramet-
rically studied. Three Strouhal number pairs were studied
(0.2,0.4; 0.3,0.6; 0.4,0.8) and the initial phase difference be-
tween the two waves was varied in steps of 45 deg. The effect
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Fig. 11 Subharmonic augmentation effects on jet centerline velocity and momentum thickness (M = 0.2): a) St = 0.6; ufP() = 0.03 U/9 b) St =
0.3; uf/2Q = 0.002 Uj c) St = 0.3,0.6; <p0 = 180 deg; &fo = 0.03 Uj ^/2() = 0.002 Uj and d) St = 0.3,0.6; <p0 = 0 deg; ^0 = 0.03 f/,; ^72() = 0.002 Uf.
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a) b)
Fig. 12 Time traces of the velocity signal at various axial locations
on the jet centerline (M = 0.2): a) Unexcited natural jet; b) Excited
at St = 0.3,0.6; ufo = 0.03 U/9 uf/2o = 0.002 U/, <p0 = 180 deg; and
c) Excited at St = 0.3, 0.6; ufo = 0.03 U/, uf/2o - 0.002 U/9 <p0 = 0
deg.

Fig. 13 Radial shapes of fundamental and subharmonic waves: St =
0.3,0.6; U/Q = 0.03 Uj; fi//20 = 0.03 Uj; M = 0.2; X/D = 2; v>o = 0.
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of varying the initial forcing levels was also studied. The fol-
lowing was found.

1) At high amplitudes of the fundamental and subharmonic
forcing levels, the subharmonic augmentation and the axial
location of the peak are independent of the initial phase dif-
ference. This finding will have a very favorable impact on the
design of practical excitation devices.

2) Two-frequency excitation is indeed more effective than
single-frequency excitation in jet mixing enhancement. The
mixing is quantified by 1) jet centerline velocity, which shows
the eating up of the potential core; 2) the momentum thick-
ness, which shows the jet spreading rate; and 3) phase-
averaged coherent velocities, which indicate the role of large
scale coherent motions in mixing enhancement.
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